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Abstract
In this paper we deal with graded Lie algebras L such that there exists a positive integer r
such that for every positive integer i and for every homogeneous ideal I  Li the inclusion
I ⊇ Li+r−1 holds. The solvable case and the r = 1 case receive a special attention.  2002
Elsevier Science (USA). All rights reserved.
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1. Introduction
Graded Lie algebras whose lattice of homogeneous ideals satisfies some
‘narrowness’ conditions have been studied in recent years. Some of these
conditions were first imposed as obvious counterparts of analogous conditions
about (pro-)p-groups and their lattice of (open) normal subgroups. The theory of
‘narrow’ Lie algebras became later a topic of independent interest rather than a
mere translation of the (pro-)p-groups case. Indeed the group case and the Lie
algebra case can be rather different: as an example, Caranti et al. [1] showed that
there are uncountably many non-solvable Lie algebras of maximal class, while
every (pro-)p-group of finite coclass is solvable (see [2,3]).
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Here we study ideally r-constrained Lie algebras, i.e. graded Lie algebras
L generated by their first homogeneous component, in which I  Li implies
I ⊇ Li+r−1 for every homogeneous ideal I and positive integer i . These algebras
arise as a natural generalization of thin Lie algebras (namely 2-generated ideally
1-constrained Lie algebras), see [4]. Bonmassar and Scoppola studied in [5]
normally constrained pro-p-groups, that are the group-theoretic analogue of
ideally 1-constrained Lie algebras. In that paper they showed that, for p odd,
a pro-p-group G of class at least 3 is normally constrained if and only if the
Lie algebra associated to the lower central series of G is ideally 1-constrained.
There is no evidence of the existence of a similar relationship between the ideally
r-constrained Lie algebras and their group-theoretic analogue.
After some general remarks about ideally r-constrained Lie algebras, in
Section 3 we focus our attention on the solvable case. In Theorem 17 we show
that in order to verify that a solvable Lie algebra L is ideally r-constrained
it is sufficient to verify that the same is true for a suitable nilpotent quotient
of L. Moreover, the Lie algebra structure of L is almost entirely determined
by this quotient. This allows us to prove that a solvable ideally r-constrained
Lie algebra whose nilpotency class is large enough is a quotient of a uniquely
determined universal solvable non-nilpotent ideally r-constrained Lie algebra
(see Theorem 22). Moreover, we prove that a finitely generated non-metabelian
solvable ideally r-constrained Lie algebra whose nilpotency class is large enough
has a basis field of finite characteristic and this characteristic satisfies an additional
condition (see Proposition 19 for details). This suggests that ‘most’ finitely
generated solvable ideally r-constrained Lie algebras are metabelian. We then
classify in Section 4 metabelian 2-generated non-nilpotent ideally r-constrained
Lie algebra.
Finally, Section 5 is devoted to a closer investigation of ideally 1-constrained
Lie algebras: in particular, we show that a finitely generated ideally 1-constrained
Lie algebra of nilpotency class at least 4 over a finite field can be regarded as the
central quotient of a 2-generated ideally 1-constrained Lie algebra over a finite
extension of the base field (see Corollary 33). This result is mainly a rewriting
of a similar statement about the Lie algebra associated to a normally constrained
pro-p-group, proved by Bonmassar and Scoppola [5].
2. Notation and elementary results
Throughout this paper a Lie algebra is a graded Lie algebra L=⊕i1 Li over
a field F , generated by L1. Accordingly a homomorphism of algebras is a graded
homomorphism of Lie algebras, an ideal is a homogeneous ideal and a quotient
of a Lie algebra L is a quotient of L over a homogeneous ideal I : as L/I is
generated by its elements of degree 1 we get that L/I is a Lie algebra in the sense
used above. If I is an ideal of L, we write Ii for I ∩Li .
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Obviously, a Lie algebra L is finitely generated if and only if dimL1 is finite.
We use the symbol Lk to denote the kth term of the lower central series of L, and
the symbol L(k) to denote the kth term of the derived series of L. A Lie algebra L
is nilpotent if Lk = {0} for some positive integer k: in this case we say that L has
(nilpotency) class c if Lc 	= {0} and Lc+1 = {0}. If a Lie algebra L is not nilpotent
we say that L has infinite (nilpotency) class.
For a subset X of a Lie algebraL define recursively [X,rL1] to be the subspace
[X,L1] if r = 1 and [X,rL1] = [[X, (r − 1)L1],L1] if r > 1.
The finite field with q elements is denoted by GF(q).
For a set S let FF (S) (or simply F(S)) be the free Lie algebra over the field F
on the set S, with the grading induced by deg(x)= 1 for x ∈ S.
For the convenience of the reader we collect here some elementary results
which we shall often use without further reference.
Proposition 1. Let L be a Lie algebra. Then:
(1) Li+1 = [Li,L1] for every positive integer i;
(2) if Ik is a subspace of Lk and I is the ideal generated by Ik , then I =⊕ik Ii ,
where Ii = [Ii−1,L1] for i > k;
(3) the kth term Lk of the lower central series of L is ⊕ik Li;
(4) L has finite nilpotency class c if and only if Lc 	= {0} and Lc+1 = {0}: in this
case Li = {0} for all i > c.
We need the following easy proposition.
Proposition 2. Let L be a Lie algebra and let r be a positive integer. The following
conditions are equivalent:
(1) for every nonzero ideal I of L there exists a positive integer i such that
Li ⊇ I ⊇ Li+r ;
(2) for every ideal I of L and for every positive integer i one has that I ⊆ Li or
I ⊇ Li+r−1;
(3) [x, rL1] = Ldegx+r for every nonzero homogeneous element x of L.
Proof. Conditions (1) and (2) are trivially equivalent. If condition (2) holds then
the ideal I generated by a nonzero homogeneous element x of degree i is not
contained in Li+1 and then it contains Li+r . As Ii+r = [x, rL1] condition (3) is
satisfied. Finally, assume that condition (3) holds. If I is a nonzero ideal, let i
be the maximum integer such that I ⊆ Li and let x be a nonzero homogeneous
element in I of degree i: therefore I ⊇ [x, rL1] = Li+r so that I ⊇ Li+r and
condition (1) holds. ✷
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Definition 3. A Lie algebra is said to be ideally r-constrained if it satisfies one
of the equivalent conditions of Proposition 2. We say that a Lie algebra is ideally
finitely constrained if it is ideally r-constrained for some positive integer r .
The first elementary properties of ideally finitely constrained Lie algebras are
collected in the following immediate remark.
Remark 4. Let L be an ideally r-constrained Lie algebra. Then:
(1) every quotient of L is ideally r-constrained;
(2) every proper quotient of L has finite class;
(3) if L has infinite class, then the intersection of two nonzero ideals of L is
nonzero;
(4) if L has finite nilpotency class c then Lmax(1,c−r+1) ⊇ Z(L) ⊇ Lc , if L has
infinite class then it is centerless;
(5) for every i we have dimLi  (dimL1)r .
We remind the reader that a Lie algebra L is said to be just infinite if
dimL = ∞ and every proper quotient of L has finite dimension. Therefore
a finitely generated ideally r-constrained Lie algebra is just infinite or finite
dimensional.
Leedham-Green, Plesken and Klaas have introduced the concept of obliquity
of a pro-p-group (see Definition 1.5 in [6]). This suggests a similar definition for
the obliquity of a Lie algebra.
Definition 5. Let L be a Lie algebra and let i > 0. Define µi(L) to be the
intersection of Li+1 with the intersection of all ideals of L not contained in Li+1.
The obliquity o(L) of L is max{dim(Li+1/µi(L)) | i > 0} if the maximum exists;
otherwise o(L)=∞.
We now point out that for a finitely generated Lie algebra the property of
‘having finite obliquity’ is equivalent to that of ‘being ideally finitely constrained.’
Proposition 6. If L is a Lie algebra of finite obliquity r then L is ideally (r + 1)-
constrained. If L is a d-generated ideally r-constrained Lie algebra then L has
obliquity at most rdr .
Proof. Assume that L has obliquity r . Let I be a nonzero ideal of L and
let i be the maximum integer such that I ⊆ Li . Therefore I ⊇ µi(L) so that
dim(Li+1/(Li+1 ∩ I))  r . This implies that Lj = Ij for some integer j , such
that i+ 1 j  i+ r + 1, so that I ⊇ Lj ⊇ Li+r+1. Conversely assume that L is
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an ideally r-constrained d-generated Lie algebra: in this case every ideal which is









by Remark 4.4. ✷
3. Solvable ideally finitely constrained Lie algebras
We give some further notation and definitions.
Notation 7. We denote by the symbol Lj the class of Lie algebras L such that Lj
is abelian.
Definition 8. The degree deg(I) of a nonzero ideal I of a Lie algebra L is the
minimum integer n such that In 	= {0}.
Definition 9. The abelian radical of a Lie algebra L, denoted by RadAb(L), is
the sum of all the abelian ideals of L. The j th abelian radical of L, denoted
by RadjAb(L), is the sum of all the abelian ideals of L containing L
j
. If
RadAb(L) 	= {0} (respectively RadjAb(L) 	= {0}) we define the abelian degree
degAb(L) of L (respectively the j th abelian degree degjAb(L) of L) to be the
degree of RadAb(L) (respectively of RadjAb(L)).
We note that RadjAb(L) 	= {0} if and only if L ∈ Lj . We can now give some
characterizations of solvable ideally finitely constrained Lie algebras.
Proposition 10. If L is an ideally finitely constrained Lie algebra, then the
following conditions are equivalent:
(1) L is solvable;
(2) L contains a nonzero abelian ideal;
(3) RadAb(L) 	= {0};
(4) L ∈ Lj for some positive integer j .
Proof. It is obvious that (1) implies (2), and that (2) and (3) are equivalent,
while (2) implies (4) by Proposition 2. As L(k) ⊆ L2k−1 we easily see that (4)
implies (1). ✷
By combining this result with Remark 4.4 we get the following corollary.
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Corollary 11. If L is a non-solvable ideally finitely constrained Lie algebra then
CL(I)= {0} for every nonzero ideal I .
An easy application of Proposition 2 gives following remark.
Remark 12. Let L ∈ Lj+1 − Lj be a solvable ideally r-constrained Lie algebra.
Then j − r + 1 degAb(L) degj+1Ab (L) j + 1.
Under suitable hypothesis the abelian radical of an ideally finitely constrained
Lie algebra is abelian, so that there exists a unique maximal abelian ideal.
Proposition 13. Let L ∈ Lj+1 be an ideally r-constrained Lie algebra of class
at least 2j + r . Then Radj+1Ab (L) is abelian and Radj+1Ab (L) = CL(Lj+1). If,
moreover, L has class at least 2j + 2r − 1 then Radj+1Ab (L)= RadAb(L).
Proof. We prove the first statement by showing that CL(Lj+1) is abelian. By way
of contradiction we assume that this is false. Two non-commuting homogeneous
elements w and y of CL(Lj+1) necessarily have degree at most j , so that
[[w,y], rL1] 	= {0}. If we choose w and y such that degw + degy is as large
as possible, then, for every homogeneous x ∈L, we obtain
[w,y, x] = −[x,w,y] − [y, x,w] = 0,
and this implies [[w,y], rL1] = {0}, a contradiction.
To prove the second statement we consider an abelian ideal I of L and we
assume, by way of contradiction, that I  CL(Lj+1). In particular, I  Lj+1,
so that I ⊇ Lj+r . If u is a homogeneous element in I − CL(Lj+1) and v is
a homogeneous element in Lj+1 − CL(u), then u /∈ Lj+1 and v /∈ I , so that
degu  j and degv  j + r − 1. This implies that [[u,v], rL1] 	= {0}. If we
choose u and v of maximal degree we obtain [u,v, x] = −[x,u, v]− [v, x,u] = 0
for every homogeneous x ∈L, a contradiction. ✷
The following lemma can be proved by a straightforward application of Jacobi
identity.
Lemma 14. Let I be an abelian ideal of a Lie algebra L. If y is a homogeneous
element of L such that [y,L] ⊆ I then CI (y) and [I, y] are ideals.
We need two more lemmas.
Lemma 15. If L is a Lie algebra and h is a positive integer such that L/Lh+1
is ideally r-constrained, then for every integer i such that i + r − 1 h and for
every ideal I , one has that I ⊆ Li or I ⊇ Li+r−1.
N. Gavioli, V. Monti / Journal of Algebra 253 (2002) 31–49 37
Proof. Assuming that I  Li , by passing to the quotient L/Lh+1, we deduce that
I + Lh+1 contains Li+r−1. Then I ⊇ Li+r−1, and by Proposition 1.1 it follows
that I ⊇ Li+r−1. ✷
Lemma 16. Let L˜ and L be Lie algebras belonging to Lj+1 and let ρ : L˜→ L
be a homomorphism. If kerρ ⊆ L˜2j+2 and I is an abelian ideal of L containing
Lj+1 then Iρ−1 is an abelian ideal of L˜. In particular, if ρ is surjective then
Radj+1Ab (L˜)= Radj+1Ab (L)ρ−1 .
Proof. Let J be maximal in the family of the abelian ideals of L˜ that contain
L˜j+1 and are contained in Iρ−1. By way of contradiction assume J 	= Iρ−1: let
y be a homogeneous element in Iρ−1 − J of maximum degree. As degy  j
and [y,J ] ⊆ kerρ ⊆ L˜2j+2 it follows that, for i  j + 1, we have [y,Ji] = {0},
i.e. CJ (y)∩ L˜i = Ji . In particular, CJ (y) contains L˜j+1: by Lemma 14 CJ (y) is
an ideal so that CJ (y) ⊇ L˜j+1. Therefore CJ (y) = J and J + Fy would be an
abelian ideal contradicting our choice of J . ✷
We are now ready to prove the following theorem.
Theorem 17. Let L ∈ Lj+1 − Lj be a Lie algebra of (j + 1)th abelian degree
d and class c at least j + d + 2r − 1, where r is a positive integer. Put
R := Radj+1Ab (L). If L/Lj+d+2r is ideally r-constrained then:
(1) L is ideally r-constrained;
(2) R is abelian and Lj R;
(3) if y ∈ Lj −R then ady induces an injective linear mapping from Rk in Rk+j
for d  k  c− j − r;
(4) if y ∈Lj −R then ady induces a surjective linear mapping from Rk in Rk+j
for k  d + r;
(5) dimLk = dimLk+j for d + r  k  c− j − r .
Proof. By Lemma 15 an abelian ideal of degree d contains Ld+r which then
turns out to be abelian. As Lj is not abelian this implies d + r  j + 1. Applying
Proposition 13 to L/Lj+d+2r and Lemma 16 to the canonical projection of L over
L/Lj+d+2r we get (2).
If y ∈ Lj − R, then R + Fy is a non-abelian ideal of L, that is [R,y] 	= {0}.
Moreover, Lemma 14 shows that CR(y) and [R,y] are ideals of L. Assume, by
way of contradiction, that [R,y] Lj+d+r : then [R,y] ⊆ Lj+d+1 (Lemma 15).
This implies that [Rd,y] = {0}, i.e. CR(y) ⊇ Rd , therefore CR(y) ⊇ Ld+r
(Lemma 15). In particular we have [R,y]j+d+2r−1 = [Rd+2r−1, y] = {0}, so that
[R,y] ⊆ Lj+d+r (Lemma 15). Combining this with the inclusion CR(y)⊇ Ld+r
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we would get [R,y] = {0}, a contradiction. Therefore [R,y] ⊇ Lj+d+r and
statement (4) is proved.
We now prove by induction on i that an ideal I of degree i contains Li+r .
This is true for i  j + d + r − 1 in force of Lemma 15 and the hypothesis.
If i  j + d + r we can easily check that the elements x of R such that
[x, y] ∈ I form an ideal I∗ since R is abelian. By definition [I∗, y] ⊆ I so
that statement (4) shows that [I∗, y] = I and that deg I∗  i − j . By inductive
hypothesis I∗ ⊇ Li+r−j , so that I contains [Li+r−j , y]. As [Li+r−j , y] = Li+r
by statement (4), we get statement (1).
To prove statement (3) we may assume, without loss of generality, that c is
finite. Statement (4) implies that Lc−j  CR(y): then CR(y) ⊆ Lc−j−r+1 as
claimed.
Finally statement (5) follows readily from statements (3) and (4) (note that as
d  j + 1− r then R ⊇ Ld+r ). ✷
Statement (1) of Theorem 17 implies the following corollary.
Corollary 18. Let L ∈ Lj+1 − Lj and let d := degj+1Ab (L). Then L is ideally r-
constrained if and only if L/Lj+d+2r is ideally r-constrained.
We also have the next proposition.
Proposition 19. Let L ∈ Lj+1 − Lj (j  2) be a finitely generated ideally r-
constrained Lie algebra of abelian degree d and class c at least 2j + d + 2r − 1.
Then charF is a prime number dividing dimF Ld+r/Lj+d+r (in particular,
charF  j (dimL1)r by Remark 4.5).
Proof. By Proposition 13 we know that degj+1Ab (L) = d . We use statement (2)
of Theorem 17 and we choose y ∈ Lj − Radj+1Ab (L). Let A be the polynomial
ring F [X]/(X2). The quotient M := Ld+r/L2j+d+r can be regarded as a right
A-module if we identify the multiplication for X with the map induced by ady .
By Proposition 13 Radj+1Ab (L) is abelian and it contains Ld+r by Remark 12:
the Jacobi identity then shows that, for every x ∈ L, the maps ady and adx
commute onLd+r , thus ad induces a homomorphism of (non-graded) Lie algebras
from L into EndAM . Fix an F -basis B for
⊕j+d+r−1
d+r Li : by statements (3) and
(4) of Theorem 17 the basis B induces a basis B for M as an A-module. The
representative matrix of the endomorphism of M induced by ady with respect to
the basis B is X · Id. As y ∈ L2 this matrix has trace 0 and we get our claim. ✷
The following theorem shows that in a solvable ideally finitely constrained Lie
algebra of infinite class, the homogeneous components of large degree can be
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regarded as vector spaces over an extension of the base field: we obtain in this
way a lower bound for their dimension over the base field.
Theorem 20. Let L ∈ Lj+1 − Lj be an ideally r-constrained Lie algebra of
infinite class, let d := degAb(L), and assume that k  d + r . Then Lk can be
regarded as a K-vector space where K is a field extension of F . The K-vector
space and the F -vector space structures on Lk are compatible, adx is a K-linear
mapping of Ld+r in itself for all x ∈ L and dimF K  dimF (Lj /RadAb(L)j ).
Proof. Let A be the ring of the degree-preserving F -linear mappings of Ld+r in
itself commuting with adx for all x ∈L. If ϕ is a nonzero element of A then Imϕ
and kerϕ are ideals of L.
For every k  d + r we denote by ϕk the endomorphism of Lk induced by ϕ.
If kerϕ 	= {0} then, by Remark 4.3, Lk ⊆ Imϕ ∩ kerϕ for sufficiently large k, that
is ϕk is surjective and ϕk = 0, a contradiction. Therefore ϕ is injective. Choose
y ∈ Lj − RadAb(L): Theorem 17 shows that, for k  d + r , ady induces an
isomorphism between Lk and Lk+j commuting with ϕ, so that ϕk is surjective
if and only if ϕk+j is surjective. As Lk ⊆ Imϕ for sufficiently large k, this
means that ϕ is surjective. So ϕ is bijective and, obviously, ϕ−1 ∈ A. Then A
is a skew field. Put K := Z(A): to complete the proof it remains to show that
dimF K  dimF (Lj /RadAb(L)j ). In order to do this, denote by π the ho-
momorphism from Ld+r in Lj+d+r induced by ady: this is an isomorphism
by Theorem 17. Consider the linear mapping S from Lj into A defined
by w → (adw)π−1: a direct computation shows that S is well defined and
ImS ⊆Z(A), while kerS = CL(Ld+r )j = Radd+rAb (L)j = RadAb(L)j by Propo-
sition 13. ✷
Theorem 17 shows that the homogeneous components of large degree of
a solvable ideally r-constrained Lie algebra L are periodic, i.e., with the same
notation as in the cited theorem, one has that Lk ∼= Lk+j for large values of k.
This suggests the possibility to extend these algebras by periodically ‘adding’
homogeneous components. This idea is carried on in the following two theorems.
Theorem 21. Let L be a solvable ideally r-constrained Lie algebra belonging
to Lj+1 . Suppose further that L has class at least
m := max(j + d + 3r − 1,2j + r + 1) where d := degAb(L).
Then there exists an ideally r-constrained Lie algebra Uj+1r (L) ∈ Lj+1 and
a surjective homomorphism of Lie algebras π :Uj+1r (L) → L such that for
every ideally r-constrained Lie algebra L˜ ∈ Lj+1 and for every surjective
homomorphism of Lie algebras ρ : L˜→ L there exists a unique homomorphism
σ :Uj+1r (L) → L˜ such that π = σρ. Moreover Uj+1r (L) is unique (up to
isomorphism), it is not a proper quotient of any ideally r-constrained Lie algebra
of Lj+1 and degAb(Uj+1r (L))= degAb(L).
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Proof. Let j ′ be the minimal integer such that L ∈ Lj ′+1: clearly j ′  j .
Remark 12 yields d+ r  j ′ +1. By hypothesisL has then class at least 2j ′ +2r ,
so that Proposition 13 shows that R := Radj ′+1Ab (L) is the unique maximal abelian
ideal of L.
Choose a basis S for L1 and consider the free Lie algebra F on the set S. Let
ϕ be the homomorphism from F onto L induced by the identity of S. Let I be
the ideal of F generated by [F j+1,F j+1] and by the homogeneous elements of
kerϕ of degree at most m − r . Set Uj+1r (L) := F/I (we shall write simply U
for Uj+1r (L)) and let π :U→ L be the surjective homomorphism induced by ϕ.
As kerπ ⊆ Um−r+1 ⊆ U2j+2, Lemma 16 shows that Rπ−1 is an abelian ideal
of U . In particular, U ∈ Lj ′+1 and degAb(U)= degj
′+1
Ab (U)= d . By construction
U/Uj ′+d+2r  L/Lj ′+d+2r so that statement (1) of Theorem 17 implies that U is
ideally r-constrained.
If L˜ ∈ Lj+1 is an ideally r-constrained Lie algebra and ρ : L˜→ L is a surjec-
tive homomorphism of Lie algebras, then there exists a homomorphism ν :F→ L˜
such that νρ = ϕ. As kerρ  L˜m we have that kerρ ⊆ L˜m−r+1: this implies that
I ⊆ kerν and that there exists a homomorphism σ :U → L˜ such that π = σρ.
This homomorphism is unique since π induces an isomorphism between L1 and
L1 and ρ induces an isomorphism between L˜1 and L1. The other statements are
obvious. ✷
Theorem 22. Let L ∈ Lj+1 − Lj be an ideally r-constrained Lie algebra of
abelian degree d and class at least max(3j + d + 2r − 1, j + d + 3r − 1). Then
Uj+1r (L) has infinite class.
Proof. By way of contradiction we assume that U := Uj+1r (L) has finite class c,
and we claim that U is a proper quotient of an ideally r-constrained Lie algebra
U˜ ∈ Lj+1, against Theorem 21. We note that U ∈ Lj+1 − Lj , so that we
use statement (2) of Theorem 17 and we fix an element y ∈ Uj − R, where
R := RadAb(U). Clearly CR(y) ⊇ Uc−j+1, while statement (3) of Theorem 17
yields CR(y) ⊆ Uc−j−r+1 so that if we choose a homogeneous element x in
CR(y) of minimum degree t we have
c− j − r + 1 t  c− j + 1. (1)
We now give a construction for U˜ : the idea is to ‘add’ to U a nontrivial element
and to identify this element with [x, y]. As a vector space we set U˜ :=⊕ U˜i ,
where U˜i := Ui for i 	= j + t and U˜j+t := Uj+t ⊕ E, with E a vector space
of dimension 1. Note that U becomes a subspace of U˜ in an obvious way. We
denote by π : U˜ → U the projection on the first component U˜ = U ⊕ E. We
fix now a complement Ht of Fx in U˜t , and we set H := Ht ⊕⊕i 	=t U˜i so that
U˜ = Fx⊕H : let τ : U˜→ Fx be the projection on the first component. We denote
by ψ : U˜ → E the composition of τ with an isomorphism υ from Fx onto E.
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Finally, by Theorem 17, we know that ady induces an isomorphism between⊕t−1
d+r Ui and
⊕j+t−1
j+d+r Ui : we extend the inverse of this isomorphism to a linear
mapping θ of U˜ in R by letting θ = 0 over U˜i for i < j + d + r or i > j + t − 1.
We are now ready to define a Lie product in U˜ . If z and w are elements of U˜ we
set:
[z,w] := [zπ,wπ] + [zθ,wπ]ψ + [zπ,wθ ]ψ. (2)
This product is bilinear, respects the grading of U˜ and satisfies the identity
[z, z] = 0 for every z ∈ U˜ . To prove that U˜ is a Lie algebra it remains only to verify
that the Jacobi identity holds. Before doing this, we collect some elementary
properties of the product just defined:
(1) [z,w]π = [zπ,wπ] for every z, w ∈ U˜ ;
(2) [z,w] = 0 if z and w belong to R⊕E;
(3) [E, U˜] = {0};
(4) [z,w,v] = [z,w,v]π + [[z,w]πθ, vπ]ψ + [[z,w]π,vθ ]ψ .
If we can prove that the product satisfies the Jacobi identity, then property (1)
yields that U is a (proper) quotient of U˜ , while property (2) yields U˜ ∈ Lj+1
and degj+1Ab (U˜) = d . As a consequence Theorem 17 implies that U˜ is ideally
r-constrained because U˜/U˜j+d+2r  U/Uj+d+2r . To complete the proof of the
theorem we are only left to show that the Jacobi identity holds.
It is enough to consider three homogeneous elements z, w and v of U˜ . If two (or
three) of them have degree at least j + 1 then, by property (2), the Jacobi identity
trivially holds. The same is true, by property (1), if degz+ degw+ degv 	= j + t .
We only have to consider the case degz + degw + degv = j + t , degw  j ,
degv  j .
By property (4) our claim is equivalent to:[[zπ,wπ]θ, vπ]ψ + [wπ,vπ, zθ ]ψ + [[vπ, zπ]θ,wπ]ψ = 0. (3)
The hypothesis on z, w and v imply that t − j  deg z j + t −2: combining the
hypothesis on c with inequality (1) we may deduce that degz j + d + r . Then
the definition of θ yields zπ = [zθ, y], so that an easy application of the Jacobi
identity (in U of course) gives
[zπ,wπ] = [zθ, y,wπ] = [zθ,wπ,y]. (4)
As before we may observe that d + r  deg[zθ,wπ]  t − 1, so that we obtain
[zθ,wπ] = [zθ,wπ,y]θ . By combining this relation with relation (4) we get
[zπ,wπ]θ = [zθ,wπ]. Similarly [vπ, zπ]θ = [vπ, zθ ]. By using these equalities
relation (3) reduces to:
[zθ,wπ,vπ]ψ + [wπ,vπ, zθ ]ψ + [vπ, zθ,wπ]ψ = 0
which is an immediate consequence of the Jacobi identity in U . ✷
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4. 2-generated metabelian ideally finitely constrained Lie algebras of
infinite class
In this section we shall classify the 2-generated metabelian ideally finitely
constrained Lie algebras of infinite class. We begin by considering the free
metabelian Lie algebra M in 2 generators x and y with the grading induced by
M1 := 〈x, y〉. It is well known that a basis for Mi , with i  2, is given by the
i − 1 Lie commutators
[y, x, . . . , x︸ ︷︷ ︸
j+1 times
, y, . . . , y︸ ︷︷ ︸
i−2−j times
] = [y, x](adx)j (ady)i−2−j
for 0  j  i − 2. If c ∈M2 then [c, y, x] = [c, x, y]: this allows us to define
an action of the polynomial ring in 2 indeterminates F [X,Y ] on M2 by setting
cX := [c, x] and cY := [c, y]. By comparing the dimensions of the homogeneous
components we see that M2 is a free F [X,Y ]-module of rank 1 with basis
[y, x]. In particular, every homogeneous element c ofM2 can be written uniquely
as [y, x]f (X,Y ) where f (X,Y ) is a homogeneous polynomial and the ideal
generated by c is the set of the elements [y, x]f (X,Y )g(X,Y ) as g(X,Y ) varies
in F [X,Y ]. We now introduce the following:
Notation 23. If f (X,Y ) is a nonzero homogeneous polynomial of F [X,Y ] of
degree at least 1 we denote by M(f (X,Y )) the quotient Lie algebra of M over
the ideal generated by [y, x]f (X,Y ).
We are now ready to prove the following theorem.
Theorem 24.
(1) If f (X,Y ) has degree d then dimM(f (X,Y ))i = i − 1 for 2  i  d and
M(f (X,Y ))i = d for i  d + 1;
(2) M(f (X,Y ))M(g(X,Y )) if and only if there exists a matrixA ∈ GL(2,F )
and an element k ∈ F ∗ such that f ((X,Y )A)= kg(X,Y );
(3) M(f (X,Y )) is ideally finitely constrained if and only if f (X,Y ) is
irreducible. More precisely:
(a) if f (X,Y ) has degree d > 1 then M(f (X,Y )) is ideally (d − 1)-
constrained,
(b) if f (X,Y ) has degree 1 then M(f (X,Y )) is the unique infinite-
dimensional metabelian Lie algebra of maximal class;
(4) if L is a 2-generated metabelian ideally finitely constrained Lie algebra
of infinite class then L M(f (X,Y )) for some irreducible polynomial
f (X,Y ).
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Proof. If f (X,Y ) is a homogeneous polynomial of degree d and I is the ideal
generated by [y, x]f (X,Y ) then the above remarks show that dim Ii = i − d − 1
for i  d + 2 and dim Ii = 0 otherwise. Statement (1) follows readily.
Statement (2) easily follows from the fact thatM(f (X,Y ))M(g(X,Y )) if
and only if there exists a basis x ′, y ′ of M1 and a nonzero element h of F such
that [y, x]f (X,Y )= h[y ′, x ′]g(X′, Y ′) where X′ = adx ′, Y ′ = ady ′.
Consider a reducible homogeneous polynomial f (X,Y ) and let g(X,Y ) be
a divisor of f (X,Y ) satisfying 0 < degg(X,Y ) < degf (X,Y ) and necessar-
ily homogeneous. Hence M(f (X,Y )) has a proper quotient isomorphic to
M(g(X,Y )), which is of infinite class, so thatM(f (X,Y )) is not ideally finitely
constrained by Remark 4.
Conversely, consider an irreducible homogeneous polynomial f (X,Y ) of
degree d : if d = 1, then, by statement (1), M(f (X,Y )) is a Lie algebra of
maximal class which is well known to be ideally 1-constrained. Assume then
that d  2 and let z ∈M(f (X,Y ))i − {0} for a positive integer i . If i = 1 then
[z,M(f (X,Y ))1] =M(f (X,Y ))2, so that [z, (d − 1)L1] =M(f (X,Y ))d . If
i > 1 then z= [y, x]g(X,Y )+ ([y, x]f(X,Y )) where g(X,Y ) is a homogeneous
polynomial of degree i − 2 which is not a multiple of f (X,Y ). Let J be the
ideal of M generated by [y, x]g(X,Y ): then Ji+d−1 is the set of the elements
[y, x]g(X,Y )h(X,Y ) where h(X,Y ) ranges over the set of the homogeneous
polynomials of degree d−1. As a direct consequence we get that dimJi+d−1 = d
and that Ji+d−1 does not contain any element of ([y, x]f (X,Y )). Then in the
quotient M(f (X,Y )) we get that dim[z, (d − 1)L1] = d : by statement (1) this
means that [z, (d − 1)L1] =M(f (X,Y ))i+d−1. This proves statement (3).
Finally let L be as in statement (4): as M is not ideally finitely constrained
(for it has proper quotients of infinite class), it follows that L is a proper quotient
of M. So L=M/I for a nonzero ideal I : let [y, x]f (X,Y ) be a homogeneous
element of I of minimum degree d + 2. We note that dimLd+1 = d . Let J be
the ideal generated by [y, x]f (X,Y ): if I  J then there exists z ∈ Ii − J for
some integer i  d + 2. In this case dimLi < dimM(f (X,Y ))i . By statement
(1) dimM(f (X,Y ))i = d , so that dimLi < dimLd+1 contradicting statement
(3) of Theorem 17. Then I = J and LM(f (X,Y )). ✷
5. Ideally 1-constrained Lie algebras
In this section we shall study in detail ideally 1-constrained Lie algebras.
Proposition 25. An ideally 1-constrained nilpotent Lie algebra L has no non-
homogeneous ideals.
Proof. The proof is by induction on the class c of L, the case c= 1 being trivial.
Assume that c > 1 and let I be an ideal of L. We apply the inductive hypothesis
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to L/Lc and deduce that there exists i such that Li ⊇ I + Lc  Li+1. Then
there exist xi ∈ Li − {0} and xc ∈ Lc such that xi + xc ∈ I . Therefore I contains
[xi +xc,L1] = [xi,L1] = Li+1. Since the ideal generated by Li+1 is Li+1 we get
Li ⊇ I ⊇ Li+1. This obviously implies that I is homogeneous. ✷
Proposition 26. Let L be a finitely generated ideally 1-constrained Lie algebra of
class at least 2. Then dimL1 is even and, if the field F is finite, dimL1  2 dimL2.
Proof. Let x1, x2, . . . , xn be a basis of L1 and w1,w2, . . . ,wr be a basis of L2.
Let [xj , xk] =∑rh=1 αjhkwh, with αjhk ∈ F . For everyΓ = (γ1, γ2, . . . , γn) ∈ Fn
and every ∆ = (δ1, δ2, . . . , δr) ∈ Fr we define the matrices D(Γ ) ∈M(r,n,F )
andC(∆) ∈M(n,F ) by setting D(Γ )hk =∑j γjαjhk andC(∆)jk =∑h δhαjhk .
An element x belongs to Li − {0} if and only if x = ∑j γjxj for some
Γ = (γ1, γ2, . . . , γn) ∈ Fn − {(0,0, . . . ,0)}. The subspace [x,L1] is generated
by {[x, xk]}nk=1, that is by {
∑
j,h γjαjhkwh}k . These elements generate L2 if
and only if rkD(Γ ) = r . The matrix D(Γ ) has rank r for every Γ 	= 0 if and
only if ∆D(Γ ) 	= 0 for every ∆ 	= 0 and every Γ 	= 0. As ∆D(Γ ) = Γ C(∆)
this happens if and only if C(∆) is a nonsingular matrix for every ∆ 	= 0.
By construction C(∆) is an alternating matrix,1 so that n is even. Moreover,
detC(∆) = (PfC(∆))2. So PfC(∆) is a homogeneous polynomial of degree
n/2, in the r unknowns δ1, δ2, . . . , δr , with no nontrivial root. The theorem of
Chevalley–Warning implies that r  n/2 if F is finite. ✷
The following example shows that in the second statement of Proposition 26
the hypothesis that F is finite cannot be dropped.
Example 27. Let K be any field: consider the field K(x,y) of the quotients of the
ring K[x, y] of the polynomials in the unknowns x and y with coefficients in K .
We use same the notation and arguments as in Proposition 26, and we consider an
algebra L over the field K(x,y) of class 2, with dimL1 = 4, dimL2 = 3, where




0 δ3 δ1 δ2x
−δ3 0 −δ2 δ1
−δ1 δ2 0 −δ3y
−δ2x −δ1 δ3y 0

 .
It can be easily seen that actually L is a Lie algebra. The Pfaffian of the matrix
C(∆) is PfC(∆)= δ21 + δ22x+ δ23y . By a standard argument follows that PfC(∆)
vanishes if and only if δ1 = δ2 = δ3 = 0. Therefore L is ideally 1-constrained.
1 We recall that a matrix C is said alternating if C+Ct = 0, and the elements of the main diagonal
of C are 0. The latter condition is redundant in characteristic other than 2. The Pfaffian PfC of an
alternating matrix C is a polynomial in its entries such that detC = (PfC)2.
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In the particular cases K = Q or K = R, we can substitute 1 to x and y
and get a matrix whose Pfaffian is δ21 + δ22 + δ23 , that vanishes if and only if
δ1 = δ2 = δ3 = 0. Then the second statement of Proposition 26 does not hold
even if the base field is Q or R.
To proceed in our analysis we need the following lemma.
Lemma 28. Let L be an ideally 1-constrained Lie algebra.
(1) If x ∈Li − {0}, then dimCL1(x)+ dimLi+1 = dimL1.
(2) If L is finitely generated and dimLi+1 = 1 then
dimCL1(Li)= dimL1 − dimLi.
(3) If L is finitely generated and Li+1 	= {0} then
dimCL1(Li) dimL1 − dimLi.
Proof. The first statement clearly follows from the equality [x,L1] = Li+1.
In order to prove the second statement take a basis x1, x2, . . . , xr for Li : as
CL1(Li) =
⋂r
j=1CL1(xj ) and dimCL1(xj ) = dimL1 − 1 for every j , we find
that dimCL1(Li)  dimL1 − dimLi . On the other hand, the adjoint mapping
induces an injective linear mapping from Li into hom(L1/CL1(Li),Li+1) so
that dimLi  dimL1 − dimCL1(Li). Finally, the third statement follows easily
from the second one by taking a quotient of L over an ideal with codimension 1
in Li+1. ✷
We now give a lower bound for the dimension of the homogeneous components
of a finitely generated ideally 1-constrained Lie algebra.
Theorem 29. Let L be a finitely generated ideally 1-constrained Lie algebra of
class c such that dimL1 = 2n. Then n dimLi  2n for every i , i < c.
Proof. The second inequality is just Remark 4.4. In order to prove the first one,
we may assume that c is finite and proceed by induction on c, the cases c = 1,2
being trivial. So let c > 2: inductive hypothesis implies that dimLi  n for
i  c−2. By way of contradiction let r := dimLc−1 < n. By passing to a suitable
quotient of L if necessary, we may assume that dimLc = 1. Set C := CL1(Lc−1)
and choose x ∈Lc−2−{0}: Lemma 28 then yields dimC = dimCL1(x)= 2n− r .
Therefore C ∩ CL1(x) 	= {0}: as CL(Lc−1) ∩ CL(x) is an ideal (it is the cen-
tralizer of the ideal Lc−1 + Fx) this means that CL(Lc−1) ∩ CL(x) ⊇ L2.
This is true for every x ∈ Lc−2 so that [L2,Lc−2] = {0}. We know that
[Lc−2,L1,C] = [Lc−1,C] = {0}, and [L1,C,Lc−2] = [L2,Lc−2] = {0}, so that
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[C,Lc−2,L1] = {0}. This implies that [C,Lc−2] = {0} since, otherwise,
[C,Lc−2,L1] = Lc. Therefore
dimCL1(Lc−2) dimC = 2n− r > dimL1 − dimLc−2
contradicting Lemma 28. ✷
Corollary 30. If L is a finitely generated ideally 1-constrained Lie algebra of
class at least 3, and the field F is finite, then dimL1 = 2 dimL2.
Proof. This is an easy consequence of Theorem 29 and Proposition 26. ✷
Lemma 31. Let L be a finitely generated ideally 1-constrained Lie algebra such
that dimL1 = 2n, dimL2 = n, dimL3  n (by Theorem 29 and Corollary 30 this
is always the case if L has class at least 4 and the field F is finite). If x ∈L1 −{0}
then CL1(x) is an abelian subalgebra of L.
Proof. If y , z ∈ CL1(x) then [y, z] ∈ CL2(x), so that we may prove the
lemma assuming that CL2(x) 	= {0}: in this case, as dimL2  dimL3, we get[x,L2] 	= L3. We denote by L the quotient of L over an ideal containing [x,L2]
and of codimension 1 in L3 and we use bar notation consistently. As x¯ ∈CL(L2),
which is abelian by Proposition 13, we have that CL1(x¯)⊇ CL1(L2). Lemma 28
gives dimCL1(L2) = dimCL1(x¯) = n so that CL1(L2) = CL1(x¯). This implies
that [CL1(x¯),CL1(x¯)] = {0}: as L/L3  L/L3 we get the thesis. ✷
The construction of the field given in the following theorem is the Lie algebra
counterpart of a result of Verardi (see [7]).
Theorem 32. Let L be a finitely generated ideally 1-constrained Lie algebra of
class 2 such that dimL1 = 2n and dimL2 = n. Suppose that CL1(x) is an abelian
subalgebra of L for every x ∈ L1 − {0}. Then there exists a field extension K
of F of degree n and a graded F -isomorphism of algebras between L and the
2-generated free Lie algebra of class 2 over K .
Proof. LetR be the F -algebra whose elements are the degree preservingF -linear
mappings ϕ of L in itself commuting with ad l for all l ∈ L. Choose ϕ ∈ R:
the definition of R implies that kerϕ and Imϕ are ideals of L. In particular,
kerϕ ⊇ L2 or kerϕ ⊆ L2. In the former case Imϕ ∩L2 = {0}, so that Imϕ = {0},
that is ϕ = 0. In the latter case ϕ induces a bijective endomorphism on L1, so that
Imϕ ⊇ L1, which implies that Imϕ = L and ϕ is an isomorphism; moreover it
can be easily checked that ϕ−1 belongs to R. Then R is a division algebra and
K := Z(R) is an extension field of F . The algebra L can be regarded as a Lie
K-algebra, and this structure extends the Lie F -algebra structure. Moreover,
n= dimF L2 = dimK L2 · dimF K;
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if dimF K  n, then dimF K = n, dimK L2 = 1, dimK L1 = 2, and L is the
2-generated free Lie K-algebra of class 2. To complete the proof of the theorem
we are only left to show that dimF K  n.
We fix a, b ∈ L1 such that [a, b] 	= 0, and we put A := CL1(a), B := CL1(b).
By hypothesis A and B centralize every element c ∈ A ∩ B . By Lemma 28,
dimA = dimB = n, and dimCL1(c) = n if c 	= 0. This means that A = B if
A ∩ B 	= {0}, but this contradicts [a, b] 	= 0. So A ∩ B = {0} and L1 = A⊕ B .
Moreover, ada induces an isomorphism α of F -vector spaces between B and L2,
and adb induces an isomorphism β of F -vector spaces between A and L2.
For every x ∈A and y ∈ B we have[[y, x]α−1 + x, a + y]= [[y, x]α−1, a]+ [x, y] = 0,
then [y, x]α−1 + x ∈ CL1(a + y). By hypothesis CL1(a + y) is abelian, so that
for every x, x ′ ∈A and y ∈B it results[[y, x]α−1 + x, [y, x ′]α−1 + x ′]= 0,
that is[[y, x ′]α−1, x]= [[y, x]α−1, x ′]. (5)
Similarly:[[x, y ′]β−1, y]= [[x, y]β−1, y ′] (6)
for every x ∈A, y , y ′ ∈ B .
Consider the decomposition L=A⊕B ⊕L2 and the projections π1 :L→A,
π2 :L→B and π3 :L→L2 so that l = lπ1+ lπ2+ lπ3 for every l ∈ L. For every
t ∈A we define a linear mapping ϕt of L in itself as follows:
lϕt :=
[[t, b]α−1, lπ1]β−1 + [lπ2, t]α−1 + [lπ3α−1, t].
Note that Liϕt ⊆ Li for i = 1,2. If l′ ∈ L, by a straightforward computation we
get
lϕt ad l′ =
[[[t, b]α−1, lπ1]β−1, l′π2]+ [[lπ2, t]α−1, l′π1]
and
l ad l′ϕt =
[[lπ1, l′π2]α−1, t]+ [[lπ2, l′π1]α−1, t].
We apply relation (5) setting x = t , x ′ = l′π1 and y = lπ2 and get[[lπ2, t]α−1, l′π1]= [[lπ2, l′π1]α−1, t].
We now consider the following chain of equalities:[[[t, b]α−1, lπ1]β−1, l′π2] = [[l′π2, lπ1]β−1, [t, b]α−1]
= [t, [[l′π2, lπ1]β−1, b]α−1]
= [t, [l′π2, lπ1]α−1],
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where the first equality follows by relation (6) (setting x = lπ1, y = [t, b]α−1,
y ′ = l′π2), and the second one follows by relation (5) (setting x = [l′π2, lπ1]β−1,
x ′ = t , y = b). We may then conclude that lϕt ad l′ = l ad l′ϕt for every l, l′ ∈ L,
i.e. ϕt ∈ R. Finally, it can be easily shown that ϕt ∈ Z(R) = K and that the
mapping sending t to ϕt is a linear injective mapping from A into R. This yields
dimF K  n, as required. ✷
Corollary 33. Let L be a finitely generated ideally 1-constrained Lie algebra of
class c  4 over a finite field F = GF(q) such that dimF L1 = 2n. Then there
exists a 2-generated Lie algebra L over the field K = GF(qn) and a surjective
homomorphism f of F -algebras from L onto L such that L has the same class
of L and f induces an isomorphism between Li and Li for i < c. Moreover, if
L ∈ Lj for some j we may assume that also L ∈ Lj .
Proof. Let F :=FK(X,Y ). By Lemma 31 and Theorem 32 it follows that L/L3
is F -isomorphic to F/F3. Proposition C in [8] implies that L is a quotient of F
over a homogeneous F -ideal I .
As L is ideally 1-constrained, a homogeneous element a of F of degree i < c
does not belong to I if and only if [a,F1]+ Ii+1 =Fi+1. So, let a ∈ Ii with i < c
and k ∈K: then
[ka,F1] + Ii+1 = [a, kF1] + Ii+1 ⊆ [a,F1] + Ii+1 	=Fi+1
so that ka ∈ Ii . Then Ii is a K-vector space for i < c. Consider now the K-ideal
J of F generated by ⊕i<c Ii and by Fc+1 if L has finite class, only by ⊕i<c Ii
otherwise and let L := F/J . It is now straightforward to see that L satisfies our
requests. If Lj is abelian we note that [Lj ,Lj ] ⊆ kerf : we can replace J by
J + [F j ,F j ] in the previous argument. ✷
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